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GENERALIZED COMPACTIFICATIONS OF BATYREV
HYPERSURFACE FAMILIES
KARL FREDRICKSON
Abstract. We show how Calabi-Yau hypersurface families arising from Baty-
rev’s construction can be resolved and compactified using a type of fan more
general than an MPCP resolution. This can lead to smooth projective com-
pactifications that are not obtainable from the original construction. In the
threefold case, we show that generic members of the resulting family are always
smooth.
1. Introduction
Batyrev’s fundamental construction of Calabi-Yau hypersurfaces in [2] provides
both a large source of Calabi-Yau families and a very explicit construction of
mirror symmetry for these families. Let us recall the basic setup. Let N ∼= Zd for
some d be a lattice, and consider the corresponding real vector space NR = N⊗R,
the dual lattice M = Hom(N,Z), and the dual vector space MR = M ⊗ R. Also
let 〈, 〉 be the natural real-valued dual pairing between MR and NR. A lattice
polytope in NR is the convex hull of finitely many lattice points in N . (For an
introduction to toric geometry, see the books [6] or [8].)
To construct a Calabi-Yau hypersurface family, we first need a reflexive polytope
[2]. A lattice polytope ∆ ⊆ NR with the origin in its interior is said to be reflexive
if its dual polytope
∆∗ = {m ∈MR | 〈m,n〉 ≥ −1 for all n ∈ ∆}
is also lattice polytope in MR. The Calabi-Yau hypersurface family associated to
∆ is a compactification of the hypersurface family in the torus Spec C[M ] ∼= (C∗)d
defined by
(1)
∑
m∈M∩∆∗
cmz
m = 0
where the cm ∈ C are generic coefficients.
To compactify this family, the open torus Spec C[M ] needs to be included into
a larger toric variety. One natural choice is the toric variety X(∆) given by the
fan Σ(∆), the fan of cones over proper faces of ∆. In the case that the toric
variety defined by Σ(∆) is smooth, this yields a family X (∆) ⊆ X(∆) of smooth
projective Calabi-Yau hypersurfaces. In general, however, X(∆) is not smooth,
and to desingularize the Calabi-Yau family as much as possible, we require another
important ingredient of Batyrev’s construction, an MPCP (maximal projective
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crepant partial) resolution of X(∆). An MPCP resolution of the toric variety
X(∆) is defined by a fan Σ̂(∆) which satisfies the following two conditions:
(i) Σ̂(∆) is complete, simplicial, projective, and a subdivision of Σ(∆).
(ii) The set of rays of Σ̂(∆) is equal to the set of rays over nonzero lattice
points in ∆.
If ∆ is of dimension four or less, then Equation (1) will define a family of smooth
Calabi-Yau hypersurfaces in the toric variety given by Σ̂(∆).
The purpose of this paper is to study what happens when the hypersurface
family defined by Equation (1) is compactified and resolved with a type of fan
more general than an MPCP resolution, which we call a ∆-maximal fan. A ∆-
maximal fan has the same definition as an MPCP resolution, only without the
requirements that it has to be a subdivision of Σ(∆) or projective. This paper is
devoted to proving smoothness and regularity results for the toric variety X(Σ)
associated to a ∆-maximal fan Σ, and for the anticanonical hypersurface family
X (Σ) ⊆ X(Σ).
These questions have already been studied for a particular example in [7]. It
concerned a four-dimensional smooth Fano polytope ∆ (i.e., a reflexive polytope
with the property that the toric variety X(∆) is smooth), so a family of smooth
Calabi-Yau hypersurfaces X (∆) ⊆ X(∆) exists without the need for an MPCP
resolution. Nonetheless, there is another simplicial fan with the same set of rays
as Σ(∆), giving another compactification Xbl. Members of Xbl are smooth projec-
tive Calabi-Yau varieties that are topologically distinct from those of X (∆). By
further analyzing Calabi-Yau varieties with the same Hodge numbers in Kreuzer
and Skarke’s database [10], it was shown that members of Xbl are topologically
distinct from all other CY varieties that come from MPCP resolutions of reflexive
four-polytopes. The fact that topologically distinct Calabi-Yau families can be
produced is one of the reasons why ∆-maximal fans are interesting. For a further
discussion of this example we refer to Section 5.
Let us describe organization and main results of this paper.
In Section 2 we prove that for a reflexive polytope ∆ and a ∆-maximal fan
Σ of arbitrary dimension X(Σ) always has a singular locus of codimension ≥ 4
(Proposition 2.2).
Sections 3 and 4 focus on reflexive polytopes of dimension four. It follows
from Proposition 2.2 that in this case a ∆-maximal fan Σ must be Gorenstein.
This means the anticanonical line bundle L of X(Σ) exists and the family X (Σ)
can be defined by taking generic global sections of L. We show that generic
members of X (Σ) have at worst isolated singularities occuring at zero-dimensional
toric strata of X(Σ) (Proposition 3.5). Proposition 3.6 and Definition 3.7 then
give a combinatorial criterion (the notion of a reflexive 4-polytope having “good
maximal cones”) that suffices to show generic members of X (Σ) are smooth at
these remaining points.
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In section 4, we prove that this combinatorial condition always holds, so that
generic members of X (Σ) are smooth for any reflexive 4-polytope ∆ and ∆-
maximal fan Σ (Theorem 4.9). The proof uses the secondary fan associated to
the set of lattice points in ∆. At the beginning of the section we briefly introduce
the definitions and facts about the secondary fan and wall crossings that will be
needed for the proof.
As mentioned above, Section 5 discusses a particular example of a ∆-maximal
fan and the associated family of smooth CY threefolds.
Section 6 describes how our main result can be applied to the problem of con-
structing an extremal transition between two families of CY threefolds, given a
nested pair of reflexive 4-polytopes ∆1 ⊆ ∆2.
It may be useful to briefly explain why analyzing the members of X (Σ) is more
difficult in the case of an arbitrary ∆-maximal fan than an MPCP resolution.
In Batyrev’s construction generic members of the hypersurface family satisfy a
condition called “∆-regularity” (Definition 3.1.1 from [2]), which implies that
all their singularities are inherited from the singularities of the ambient toric
variety. Thus, if the toric variety is sufficiently smooth (as in the case of an MPCP
subdivision of a reflexive four-polytope), generic anticanonical hypersurfaces in the
toric variety will be smooth. Because hypersurfaces in a more general ∆-maximal
fan need not satisfy ∆-regularity, singularities of X (Σ) could potentially occur
even on a smooth open subset of X(Σ).
Lastly, it bears mentioning for future work that these results could potentially
be applied to the complete intersection Calabi-Yau families studied by Batyrev
and Borisov [3,4], since resolving such a family also requires an MPCP subdivision
of a reflexive polytope.
Acknowledgements. I would like to thank the organizers of the conference
“Calabi-Yau Manifolds and their Moduli” for the invitation to speak. I would
also like to thank Benjamin Nill for substantial help with the results in the paper,
including the proof of Proposition 2.2, as well as help with writing and organiza-
tion.
2. ∆-maximal fans and their singular locus
Let us first fix some notation. Given points v1, . . . , vn in a real vector space, we
use Conv(v1, . . . , vn) to denote their convex hull. We also define
Cone(v1, . . . , vn) = {r1v1 + · · ·+ rnvn | r1, . . . rn ∈ R≥0},
the convex cone generated by v1, . . . , vn. A cone is said to be pointed, or strongly
convex, if it contains no nontrivial linear subspaces of the ambient vector space.
Given a fan Σ in NR, X(Σ) will always denote the toric variety obtained from
Σ. Where appropriate, X (Σ) will denote the family of generic anticanonical hy-
persurfaces in X(Σ). Given any fan Σ, we write Σ[n] for the subfan consisting of
all cones of Σ of dimension n or less.
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For a facet (maximal proper face) F of a reflexive polytope ∆ ⊆ NR, we will
sometimes make use of the outer normal to F , uF ∈ M . This is defined as the
unique lattice point such that 〈uF , x〉 = 1 for all x ∈ F . In terms of the dual
polytope ∆∗ ⊆ MR defined before, uF is the negative of the vertex v ∈ ∆∗ dual
to F .
Let us define the object of study of this paper.
Definition 2.1. Given a fan Σ and a reflexive polytope ∆, we say Σ is ∆-maximal
if it satisfies the following:
1. The set of rays of Σ is equal to the set of rays over nonzero lattice points in
∆.
2. Σ is complete and simplicial.
The crucial difference between this definition and the definition of an MPCP
resolution is that the fan associated to an MPCP resolution must be a subdivision
of Σ(∆), whereas there is no such restriction on a ∆-maximal fan. Also, note that
we do not require Σ to be projective.
Our first result shows that it is possible to generalize well-known statements
about MPCP resolutions in [2] to this more general situation. Let us recall that
a (necessarily simplicial) cone is unimodular, if it is spanned by a lattice basis.
A fan is unimodular, if all its maximal cones are unimodular (equivalently, the
associated toric variety is smooth).
Proposition 2.2. Let ∆ be a reflexive polytope and Σ a ∆-maximal fan.
(1) Any cone of Σ of dimension at most 3 is unimodular. In particular, the
toric variety X(Σ) has a singular locus of codimension ≥ 4.
(2) Any cone of Σ of dimension 4 is unimodular, if it is not contained in a
maximal cone of Σ(∆). In particular, the toric variety X(Σ[4]) is Goren-
stein.
Remark 2.3. Let us note that these results are optimal in the following sense.
First, there exist reflexive polytopes ∆ in dimension 4 such that every lattice point
in ∆ is a vertex, and the fan Σ(∆) is simplicial but not unimodular. Hence, Σ(∆)
is ∆-maximal but not unimodular. Second, it is computationally straightforward
to find five linearly independent lattice points in the dual reflexive 5-polytope ∆∗
associated to P5 such that the cone over these points is not contained in a maximal
cone of Σ(∆∗), it contains no other lattice points of ∆∗, and it is not unimodular.
This cone can then be extended to a ∆∗-maximal fan.
Proof. Let us assume there exists a non-unimodular k-dimensional cone C in a
∆-maximal fan Σ with 2 ≤ k ≤ 4. We may assume that k is chosen minimal.
Let C be spanned by lattice points v1, . . . , vk in ∂∆. We consider the lattice
parallelepiped
P =
{
k∑
i=1
civi | 0 ≤ ci ≤ 1 for i = 1, . . . , k
}
.
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If C is not a unimodular cone, then P must contain a lattice point x which is
not an integer linear combination of v1, . . . , vk, so that x =
∑k
i=1 aivi, ai ∈ [0, 1]
(for i = 1, . . . , k) with not all ai integers. By the minimality assumption, we have
ai 6= 0 for all i = 1, . . . , k. We may also assume that a1 + · · · + ak ≤ k2 , since
otherwise we can replace x with the lattice point v1 + · · ·+ vk − x, also contained
in P . Since C is a cone in a ∆-maximal fan, x cannot be contained in ∆.
Let F be a maximal face of ∆ such that x is contained in the cone over F . Let
uF be the outer normal to F . Then 2 ≤ 〈uF , x〉 since x 6∈ ∆ and 〈uF , x〉 is an
integer. On the other hand, 〈uF , x〉 = 〈uF ,
∑k
i=1 aivi〉 ≤ a1 + · · ·+ak ≤ k2 , because
each 〈uF , vi〉 is no more than 1. This implies 4 ≤ k, hence k = 4 and 〈uF , vi〉 = 1
for i = 1, . . . , k, so all v1, . . . , vk lie in F . 
3. CY-threefolds coming from ∆-maximal fans
We will now restrict our focus to the case of four-dimensional reflexive poly-
topes. It follows from Proposition 2.2 that given a reflexive 4-polytope ∆ and a
∆-maximal fan Σ, that X(Σ) is Gorenstein, and therefore we can define a family
of hypersurfaces in X(Σ) by taking global sections of the anticanonical bundle.
Because the rays of Σ consist of all the rays over nonzero lattice points in ∆,
the set of monomial global sections of the anticanonical bundle will be in bijec-
tive correspondence with lattice points in ∆∗, just as in the standard Batyrev
construction. Thus in the equation∑
m∈M∩∆∗
cmz
m = 0
from the introduction, we may consider the left-hand side as a generic global
section of the anticanonical bundle of X(Σ), defining the family X (Σ).
We will need the following basic principle concerning lattice points in reflexive
polytopes (note that the case of two vertices is contained in [12, Proposition 4.1]).
Lemma 3.1. If v1, . . . , vk are lattice points in a reflexive polytope ∆, then v1 +
· · ·+ vk is contained in r · ∂∆ for some integer 0 ≤ r ≤ k, and r = k if and only
if v1, . . . , vk are in a common proper face of ∆.
Proof. Let F be a maximal face of ∆ such that v1 + · · · + vk is contained in the
cone over F . Then v1 + · · · + vk is in rF for 0 ≤ r := 〈uF , v1 + · · · + vk〉 ≤∑k
i=1〈uF , vi〉 ≤ k. Here, the upper equality implies that v1, . . . , vk are in F . 
The following two lemmas will be used at later points in proving smoothness.
Lemma 3.2. Let C = Cone(v1, v2) be a two-dimensional cone in a ∆-maximal fan
Σ, where v1 and v2 are lattice points in ∂∆. Then the line segment Conv(v1, v2)
is contained in ∂∆.
Proof. By Lemma 3.1 for n = 2, either v1 and v2 are contained in a common
proper face of ∆, or v1 + v2 is contained in ∆. In the second case, we would have
that the nonzero lattice point v1 + v2 is in the relative interior of C, which is not
possible since then the ray over v1 + v2 would not be a ray of Σ, and Σ could
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not be ∆-maximal. It follows that v1 and v2 are in a common face f of ∆, and
therefore Conv(v1, v2) ⊆ f ⊆ ∂∆. 
Lemma 3.3. Suppose that C = Cone(v1, v2, v3) is a cone in a ∆-maximal fan,
with v1, v2, v3 lattice points in ∂∆, not contained in a common facet. Then:
(1) There exists a vertex m of ∆∗ such that 〈m, vi〉 = 〈m, vj〉 = −1 for some
distinct i, j ∈ {1, 2, 3}, and 〈m, vk〉 = 0 for the remaining k ∈ {1, 2, 3}.
(2) For a fixed choice of i, j, k such that {i, j, k} = {1, 2, 3}, there is at most
one lattice point m ∈ ∆∗ such that 〈m, vi〉 = 〈m, vj〉 = −1 and 〈m, vk〉 = 0.
Proof. For part 1, by Lemma 3.1, we must have that either v1 + v2 + v3 ∈ 2 · ∂∆
or v1 + v2 + v3 ∈ ∂∆. In the latter case, C could not be a cone in a ∆-maximal
fan. Thus we have v1 + v2 + v3 ∈ 2 · ∂∆, and (v1 + v2 + v3)/2 must be contained
in some facet of ∆. Let m be the vertex of ∆∗ dual to this facet. We must have
that 〈m, (v1 + v2 + v3)/2〉 = −1, and since 〈m, v1〉, 〈m, v2〉 and 〈m, v3〉 must be
integers ≥ −1, the only way to achieve this is to have 〈m, vi〉 = 〈m, vj〉 = −1 for
exactly two i, j ∈ {1, 2, 3}, and 〈m, vk〉 = 0 for the remaining k ∈ {1, 2, 3}.
For part 2, assume without loss that i = 1, j = 2, k = 3. Since m evaluates
to identically −1 on T = Conv(v1, v2, (v1 + v2 + v3)/2), the triangle T must be
contained in the boundary of ∆.
We claim that T cannot be contained in a two-dimensional face of ∆. Sup-
pose by contradiction that T ⊆ g for some two-dimensional face g ⊆ ∂∆. Note
that g ∩ C is a two-dimensional polygon Conv(v1, v2, w1, . . . , wn) for some points
w1, . . . , wn ∈ C. If we let A be the two-dimensional affine space spanned by T ,
then by calculation, the intersection of A with the relative boundary of C consists
of the line segment Conv(v1, v2) and the two rays v1 +R≥0v3, v2 +R≥0v3. Because
Conv(v1, v3) and Conv(v2, v3) are contained in ∂∆ by Lemma 3.2, the only part
of this intersection contained in ∂∆ is Conv(v1, v2).
Thus w1, . . . , wn must be contained in the relative interior of C. Because C is a
cone in a ∆-maximal fan, w1, . . . , wn cannot be lattice points. However, since the
wi are in the relative interior of C, they would have to be vertices of the entire
face g. This is a contradiction since g is a lattice polytope.
It follows that no two distinct lattice points m, q ∈ ∆∗ can both evaluate to
identically −1 on T , because otherwise T would be contained in the face
{d ∈ ∆ | 〈m, d〉 = 〈q, d〉 = −1}
of ∆, which would have to be of dimension ≤ 2. 
We will also need to make use of a generic smoothness result, Lemma 3.1 from
[7], which can be proven by a short argument with Sard’s theorem.
Lemma 3.4. Let a0, . . . , ar ∈ C, and let
f = a0z
m0 +
r∑
i=1
aiz
mi
be a regular function on
(C∗)s × Ct ∼= Spec C[z±11 , . . . , z±1s , zs+1, . . . , zs+t],
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where zmi for 0 ≤ i ≤ r are regular Laurent monomials on (C∗)s × Ct and zm0 is
invertible on (C∗)s × Ct. Then for generic values of a0, . . . , ar, the affine variety
V (a0, . . . , ar) ⊆ (C∗)s × Ct defined by f = 0 is nonsingular.
Eventually we will be able to state a combinatorial condition for generic mem-
bers of the family X (Σ) to be smooth. We begin with the following result, which
shows that singularities of generic anticanonical hypersurfaces can only occur at
certain zero-dimensional torus orbits of X(Σ).
Proposition 3.5. Let ∆ be a reflexive 4-polytope and Σ a ∆-maximal fan. Then:
(1) If s is a generic global section of the anticanonical bundle of X(Σ), then
s = 0 defines a hypersurface Y ⊆ X(Σ) with at worst isolated singularities.
(2) Any isolated singularities of Y must occur at zero-dimensional toric strata
of X(Σ) corresponding to cones Cone(v1, . . . , v4) with v1, . . . , v4 ∈ ∂∆ lat-
tice points not contained in a common face of ∆.
Proof. To prove part 1, we will prove that Y ∩X(Σ[3]) is smooth. This is sufficient
to show that Y has isolated singularities since X(Σ)\X(Σ[3]) is zero-dimensional.
First we verify that the smaller set Y ∩X(Σ[2]) is smooth. Let C = Cone(v1, v2)
be a two-dimensional cone of Σ with v1, v2 lattice points in ∆. By Lemma 3.2, v1
and v2 are contained in some common face of ∆, so there is a lattice point m ∈ ∆∗
with 〈m, vi〉 = −1 for i = 1, 2. Considering the generic global section s restricted
to the open affine set U = Spec C[C˘ ∩M ] ⊆ X(Σ), where C˘ is the dual cone to
C, cmz
m is an invertible monomial term in s. We also have that C is a smooth
cone by Proposition 2.2, implying that U ∼= C2× (C∗)2. So by Lemma 3.4, Y ∩U
is smooth.
Now let C = Cone(v1, v2, v3) be a three-dimensional cone of Σ with v1, v2, v3 lat-
tice points in ∆ and U ⊆ X(Σ) the corresponding open affine. By Proposition 2.2,
C is a smooth cone, and U ∼= C3 × C∗. First assume that v1, v2, v3 are contained
in a common face. Then the same argument as in the previous paragraph shows
Y ∩ U is smooth.
Now suppose that v1, v2, v3 are not contained in a common face. We still have
that U ∼= C3 × C∗. In this case, the defining equation of Y ∩ U will not have an
invertible term as above, but it will have a linear term, which we now show will
be enough to imply smoothness.
Since C is a smooth cone by Proposition 2.2, we can extend v1, v2, v3 to a Z-
basis of N by adding a vector u4 ∈ N . Let the basis of M dual to {v1, v2, v3, u4}
be {v′1, v′2, v′3, u′4}. Then the dual cone C˘ is equal to Cone(v′1, v′2, v′3, u′4,−u′4), and
the ring of functions on U is C[C˘ ∩M ] = C[zv′1 , zv′2 , zv′3 , zu′4 , z−u′4 ].
By part 1 of Lemma 3.3, up to a relabeling of v1, v2, v3, there exists a lattice
point m ∈ ∆∗ such that 〈m, v1〉 = 〈m, v2〉 = −1 and 〈m, v3〉 = 0. On U , the
lattice point m corresponds to the monomial zv
′
3zau
′
4 where a = 1 + 〈m,u4〉.
By part 2 of Lemma 3.3, all other lattice points ` ∈ ∆∗ must correspond to
monomials zc1v
′
1zc2v
′
2zc3v
′
3zc4u
′
4 on U , where c1, c2, c3 are non-negative integers, and
either c1 + c2 ≥ 1 or c3 ≥ 2. (This is because ci = 1 + 〈`, vi〉 for i = 1, 2, 3.)
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Let p ∈ C[zv′1 , zv′2 , zv′3 , zu′4 , z−u′4 ] be a local representative of the section s on U .
Let the coefficient of p on the monomial zv
′
3zau
′
4 be A ∈ C. Then the partial of p
with respect to zv
′
3 is
Q = Azau
′
4 + q(zv
′
1 , zv
′
2 , zv
′
3 , zu
′
4 , z−u
′
4)
where q is such that q(0, 0, 0, zu
′
4 , z−u
′
4) = 0. As zau
′
4 is invertible on U , we can
conclude that Q 6= 0 when zv′1 = zv′2 = zv′3 = 0 for generic values of A, and
therefore the zero locus of p is nonsingular at the set of points in U where zv
′
1 =
zv
′
2 = zv
′
3 = 0. All other points of U are contained in X(Σ[2]), where we have
already shown Y is smooth.
For part 2, we have established that any singularities of Y must occur in the
set X(Σ)\X(Σ[3]), which is the set of zero-dimensional torus orbits in X(Σ), cor-
responding to maximal cones of Σ. Suppose C = Cone(v1, . . . , v4) is a maximal
cone and the vi are all contained in some common facet of ∆, with dual vertex
m. If U is the open affine subset of X(Σ) defined by C, Y will not contain the
unique zero-dimensional torus orbit t ∈ U . This is because at t, the monomial zm
in the defining equation of Y is nonzero while all others vanish. It follows that
Y ∩ U ⊆ X(Σ[3]) is smooth, and any singularities of Y must occur on an open
affine corresponding to Cone(v1, . . . , v4) with v1, . . . , v4 not in a common face of
∆. 
Having established Proposition 3.5, we can now give a sufficient condition for
determining when generic members of X (Σ) are smooth, which depends only on
the geometry of ∆ and the fan Σ. We need only check for smoothness at the
remaining zero-dimensional torus orbits specified by part 2 of Proposition 3.5.
The idea behind the following sufficient condition is that it will ensure the local
definining equation of X (Σ) at these points has a lowest term that is linear, and
therefore has a nonvanishing partial derivative.
Proposition 3.6. Let ∆ be a reflexive 4-polytope and Σ a ∆-maximal fan. Then
a sufficient condition for generic members of the family X (Σ) to be smooth is
as follows: for every maximal cone Cone(v1, v2, v3, v4) ∈ Σ with v1, . . . , v4 lattice
points of ∆ that are not contained in a common proper face of ∆,
v1 + · · ·+ v4 ∈ 3 · ∂∆.
Proof. Assume the condition holds for a cone C = Cone(v1, . . . , v4). Then (v1 +
· · · + v4)/3 ∈ ∂∆, so it is contained in some maximal proper face f ⊆ ∆ with
dual vertex m ∈ ∆∗. To have 〈m, (v1 + · · ·+ v4)/3〉 = −1 we must have 〈m, vi〉 =
〈m, vj〉 = 〈m, vk〉 = −1 for exactly three vi, vj, vk and 〈m, v`〉 = 0 for the remaining
v`. Assume i = 1, j = 2, k = 3, ` = 4.
By Proposition 2.2, we know that {v1, . . . , v4} is a Z-basis of N . If v′i for
1 ≤ i ≤ 4 is the dual basis, then the affine open subset of X(Σ) corresponding to
C is U = Spec C[C˘∩M ] = Spec C[zv′1 , . . . , zv′4 ] ∼= C4. On U , m corresponds to the
monomial zv
′
4 . Therefore a local representative of a generic global section of the
anticanonical bundle on U , p(zv
′
1 , . . . , zv
′
4), will have a linear term in zv
′
4 , and no
constant term. It follows immediately that the partial of p with respect to zv
′
4 will
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be nonvanishing at the point zv
′
1 = · · · = zv′4 = 0 (the unique zero-dimensional
torus orbit in U), implying that generic members of X (Σ) are smooth at this
point. 
Based on Proposition 3.6, it is natural to introduce the following condition on
a reflexive four-polytope ∆ that will guarantee smoothness of the anticanonical
hypersurface families in all ∆-maximal fans.
Definition 3.7. Let ∆ be a reflexive four-polytope. We say that C is a maximal
cone associated to ∆ if C = Cone(v1, . . . , v4) for linearly independent lattice points
v1, . . . , v4 ∈ ∆, and Cone(v1, . . . , v4) ∩∆ ∩N = {0, v1, . . . , v4}. We say that C is
a good maximal cone if either
v1 + · · ·+ v4 ∈ 3 · ∂∆
or
v1 + · · ·+ v4 ∈ 4 · ∂∆.
We say ∆ has good maximal cones if all maximal cones associated to ∆ are good.
We say a ∆-maximal fan Σ has good maximal cones if all four-dimensional cones
of Σ are good.
4. Proof of main result via wall crossings
In this section, we prove our main result, which is that any reflexive four-
polytope ∆ has good maximal cones, and thus any ∆-maximal fan Σ is associated
to an anticanonical hypersurface family X (Σ) whose generic members are smooth.
Before proceeding to the proof, we first introduce necessary ideas from the theory
of the secondary fan.
4.1. The Secondary Fan. Roughly speaking, the secondary fan associated to
a list of rational vectors ν1, . . . , νr ∈ NR is a way to parametrize certain fans
in NR with cones generated by ν1, . . . , νr. Throughout our discussion, we will
assume that ν1, . . . , νr span NR. We also will always assume that ν1, . . . , νr is
“geometric” as defined in [6], Section 15.1, meaning that all νi are nonzero and no
νi is a positive scalar multiple of another. We will mostly use the same notation
and approach as [6], Chapters 14 and 15. Other sources on the secondary fan
(also known as the GKZ decompsition for its discoverers Gel’fand, Kapranov, and
Zelevinsky) include [5, 9, 13].
The secondary fan consists of cones associated to certain pairs (Σ, I∅), where
I∅ ⊆ {1, . . . , r}, and Σ is a “generalized fan” in NR. A generalized fan has the
same definition as a fan (a finite set of rational convex polyhedral cones in NR
such that if C1, C2 ∈ Σ, C1 ∩ C2 ∈ Σ, and if C ′ is a face of C ∈ Σ, then C ′ ∈ Σ),
but the cones are not required to be pointed; in other words, they may contain
a nontrivial linear subspace of NR. A generalized fan which is a fan in the usual
sense is called nondegenerate. Otherwise, it is said to be degenerate.
The support |Σ| of a generalized fan Σ is the set of points in NR contained in
some cone of Σ. A support function for Σ is a continuous piecewise linear function
ϕ : |Σ| → R, such that the restriction of ϕ to each cone of Σ is linear. A support
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function ϕ : |Σ| → R is said to be strictly convex if it is convex and its maximal
domains of linearity are exactly the maximal cones of Σ.
The following definition is the same as [6], Definition 14.4.2.
Definition 4.1. Suppose we have a spanning geometric set of rational vectors
ν1, . . . νr ∈ NR. Consider pairs (Σ, I∅) satisfying the following:
(1) Σ is a generalized fan in NR and I∅ ⊆ {1, . . . , r}.
(2) The support of Σ, |Σ|, equals Cone(ν1, . . . , νr).
(3) There exists a strictly convex support function for Σ.
(4) For each σ ∈ Σ, we have that σ = Cone(νi | νi ∈ σ, i 6∈ I∅).
Then the GKZ cone Γ˜Σ,I∅ ⊆ Rr is defined as
Γ˜Σ,I∅ = {(a1, . . . , ar) ∈ Rr | there is a convex piecewise linear support function
ϕ : |Σ| → R such that ϕ(νi) = −ai for i 6∈ I∅ and ϕ(νi) ≥ −ai for i ∈ I∅}.
The results of [6], Section 14.4, show that if we consider all possible pairs
(Σ, I∅) allowed by Definition 4.1, then the GKZ cones Γ˜Σ,I∅ fit together to form a
generalized fan in Rr, called Σ˜GKZ. The minimal cone of Σ˜GKZ (the intersection
of all its cones) is the linear subspace L ⊆ Rr defined by
L = {(`(ν1), . . . , `(νr)) | ` : NR → R is a linear map}.
The notation used by [6] for the quotient space Rr/L is ĜR. The image of each
GKZ cone in ĜR will be a pointed cone. Thus, we get a nondegenerate fan ΣGKZ in
ĜR. By definition, ΣGKZ is the secondary fan associated to the vectors ν1, . . . , νr.
We use the notation ΓΣ,I∅ for the cone in ΣGKZ which is the image of Γ˜Σ,I∅ .
We have the following important results about the structure of ΣGKZ (see [6],
Theorem 14.4.7 and Proposition 14.4.9).
Proposition 4.2. Let ν1, . . . , νr be a spanning geometric set of rational vectors
in NR and let ΣGKZ be the corresponding secondary fan in ĜR. Then:
(1) The support of ΣGKZ is convex and full-dimensional in ĜR.
(2) Every face of a cone ΓΣ,I∅ is a cone of the form ΓΣ′,I′∅ for some pair (Σ
′, I ′∅).
(3) ΓΣ′,I′∅ is a face of ΓΣ,I∅ if and only if Σ refines Σ
′ and I ′∅ ⊆ I∅.
(4) ΓΣ,I∅ is a maximal cone of ΣGKZ if and only if Σ is simplicial and the rays
of Σ are exactly the rays over νi for i 6∈ I∅.
From here on, ν1, . . . , νr will always be the elements of ∂∆ ∩ N , where ∆ ⊆
NR is some fixed reflexive polytope. This implies that Cone(ν1, . . . , νr) = NR.
Therefore, all generalized fans Σ defining a cone ΓΣ,I∅ ∈ ΣGKZ will have support
equal to NR. We also have that ν1, . . . , νr is “primitive geometric”, meaning that
ν1, . . . , νr is geometric, along with the extra condition that each νi is a primitive
element of N . (An element n ∈ N is primitive if it is not a positive integer
multiple of some other element of N .)
The moving cone of the secondary fan, MovGKZ, is defined as the union of
all cones ΓΣ,I∅ ∈ ΣGKZ where I∅ is the empty set. Since ν1, . . . , νr is geometric,
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Propositions 15.1.4 and 15.1.5 of [6] say that MovGKZ is a full-dimensional convex
polyhedral cone in ĜR.
In our case, it follows from the facts of Proposition 4.2 that maximal cones in
the moving cone of the secondary fan correspond to complete projective simplicial
fans whose rays are equal to the rays over the elements of ∂∆∩N , in other words,
projective ∆-maximal fans.
4.2. Wall Crossings and Circuits. To prove our main result we will use the
theory of wall crossings in the secondary fan, as explained in [6], Section 15.3.
Suppose we have distinct maximal cones ΓΣ,∅, ΓΣ′,∅ in the moving cone that share
a common codimension-1 face ΓΣ0,∅. Then Σ and Σ
′ are said to be related by a
wall crossing, and ΓΣ0,∅ is called a “flipping wall”. Σ and Σ
′ are both subdivisions
of Σ0, which is non-simplicial. In our case, Σ and Σ
′ are both projective ∆-
maximal fans. It also follows from [6], Proposition 14.4.12, part b, that Σ0 is a
nondegenerate fan.
It turns out that a wall crossing is described by the data of an oriented circuit
in NR, which we now define.
Let n = dim NR. Suppose we have a set of n + 1 nonzero vectors W =
{w1, . . . , wn+1} ⊆ NR which span NR. For our purposes we can assume that all
w1, . . . , wn+1 are elements of N . There is a linear dependence equation
n+1∑
i=1
biwi = 0
which is unique up to rescaling, with the bi integers not all equal to zero. Set W+
to be the set of wi with bi > 0, W0 the set of wi with bi = 0, and W− the set of
Wi with bi < 0.
The set of vectors W+ ∪W− has the property that it is linearly dependent, but
any proper subset is linearly independent. A set of vectors with this property is
called a circuit. Rescaling the dependence equation will at most swap W+ and
W−. A fixed choice of W− and W+ makes W an oriented circuit.
Define the sets of simplicial cones Σ− and Σ+ as
Σ− = {σ | σ is a face of Cone(w1, . . . , ŵi, . . . , wn+1) for some wi ∈ W+}
Σ+ = {σ | σ is a face of Cone(w1, . . . , ŵi, . . . , wn+1) for some wi ∈ W−},
where ŵi indicates that wi is omitted. Then we have the following result (Lemma
15.3.10, [6]):
Lemma 4.3. Suppose that C = Cone(w1, . . . , wn+1) is pointed. Then W− and
W+ are both nonempty, and Σ− and Σ+ are simplicial fans with support C.
We can now describe how the main result on wall crossings in the secondary
fan (Theorem 15.3.13, [6]) applies to our situation of interest. Let ν1, . . . , νr be
the elements of ∂∆ ∩N and let ΣGKZ be the associated secondary fan. For a set
S ⊆ {1, . . . , r}, define σS = Cone(νi | i ∈ S). Also, given any fan Σ in NR and a
cone C ⊆ NR, define Σ|C as {σ | σ ∈ Σ, σ ⊆ C}, a subfan of Σ.
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Theorem 4.4. Let Σ and Σ′ be projective ∆-maximal fans such that ΓΣ,∅ and
ΓΣ′,∅ share a common codimension-1 face ΓΣ0,∅ in ΣGKZ. Then Σ and Σ
′ are
refinements of the nondegenerate complete fan Σ0 which is not simplicial. The set
of rays of Σ0 is equal to the set of rays over ν1, . . . , νr. There are disjoint sets
J−, J+ ⊆ {1, . . . , r} such that we have an equation∑
i∈J+
biνi +
∑
i∈J−
biνi = 0
where the bi are integers such that bi < 0 if i ∈ J− and bi > 0 if i ∈ J+.
We have the following facts:
(1) σJ−∪J+ ∈ Σ0, and either σJ+ ∈ Σ and σJ− ∈ Σ′, or σJ+ ∈ Σ′ and σJ− ∈ Σ.
(Up to relabeling of Σ and Σ′, we can assume the former case.)
(2) J− and J+ both have cardinality at least two. If W+ = {νi | i ∈ J+}
W− = {νi | i ∈ J−}, then the set of vectors W+ ∪W− forms an oriented
circuit.
(3) If σ is a maximal non-simplicial cone in Σ0, then there is a J0 ⊆ {1, . . . , r}
such that J = J+ ∪ J0 ∪ J− is a disjoint union and σ = σJ . If we let
W0 = {νi | i ∈ J0}, then W = W+ ∪W0 ∪W− has cardinality 1 + dim NR,
and the subfans Σ|σ and Σ′|σ are respectively equal to the fans Σ+ and Σ−
from Lemma 4.3.
4.3. Proof of main result. We would like to show that any reflexive four-
polytope ∆ has good maximal cones. The strategy will be as follows. Any MPCP
resolution of Σ(∆) trivially has good maximal cones since its maximal cones are
of the form Cone(v1, . . . , v4) with v1, . . . , v4 in a common facet of ∆. At least
one MPCP resolution of Σ(∆) always exists by the results of [2], and represents
a maximal cone in the moving cone of ΣGKZ. Since the moving cone is convex
of full dimension, we can move from any maximal cone in MovGKZ to another by
a finite number of wall crossings. Thus it suffices to show that if Σ and Σ′ are
projective ∆-maximal fans related by a wall crossing, and one has good maximal
cones, then the other does as well.
Once we know that all projective ∆-maximal fans have good maximal cones,
we will prove that ∆ has good maximal cones by showing that any maximal cone
of ∆ must be a cone in some projective ∆-maximal fan.
Thus, let ∆ be a reflexive four-polytope and Σ and Σ′ be two projective ∆-
maximal fans related by a wall crossing, as in Theorem 4.4. The proof will be
divided into two cases, depending on the cardinality of J− ∪ J+.
First suppose that J−∪J+ has four elements. Then it turns out that the lattice
points in W− and W+ will be the opposite vertices of a square. This is the classical
picture of an Atiyah flop. See Figure 1.
Lemma 4.5. Let e1, . . . , e4 be the standard basis of N ∼= Z4. Up to a Z-linear
isomorphism, W+ = {e1, e2}, and W− = {e3,−e3 + e1 + e2}.
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w1 w3
w4 w2
w1 w3
w4 w2
Figure 1. Cross sections of the fan Σ and Σ′
Proof. Let W+ = {w1, w2} and W− = {w3, w4}. Up to relabeling of Σ and Σ′, it
follows from Lemma 4.3 and Theorem 4.4 that
Cone(w1, w2, w3),Cone(w1, w2, w4) ∈ Σ
Cone(w1, w3, w4),Cone(w2, w3, w4) ∈ Σ′.
Each of these four cones is smooth by Proposition 2.2. Since Cone(w1, w2, w3)
is smooth, there is a Z-linear isomorphism sending wi to ei for i = 1, 2, 3. By
definition of W+ and W−, we have that b1w1 + b2w2 = b3w3 + b4w4 for positive
integers bi. It follows from smoothness of the other three cones that w4 = −e3 +
e1 + e2. 
Proposition 4.6. If J− ∪ J+ has four elements and either Σ or Σ′ has good
maximal cones, then both do.
Proof. Let W+ = {w1, w2} and W− = {w3, w4}. According to Theorem 4.4, part
3, any cones of Σ not contained in Σ′ must be contained in a cone of Σ0 of the form
Cone(w1, w2, w3, w4, w5) for some other lattice point w5 of Delta. In the notation of
Theorem 4.4, Cone(w1, w2, w3, w4, w5) = σJ . (There must be only one generator in
addition to w1, . . . , w4 because the cardinality of J must equal 1+dimNR = 5.) We
must have that either C1 = Cone(w1, w2, w3, w5) and C2 = Cone(w1, w2, w4, w5)
are in Σ, or C3 = Cone(w1, w3, w4, w5) and C4 = Cone(w2, w3, w4, w5) are in Σ.
Assume without loss that C1 and C2 are in Σ. By assumption, Σ has good
maximal cones. We must show that Σ′ also has good maximal cones, which
means showing that the cones C3, C4 ∈ Σ′ are good maximal cones. There are
several cases to consider.
Case 1: Either w1 + w2 + w3 + w5 ∈ 4 · ∂∆ or w1 + w2 + w4 + w5 ∈ 4 · ∂∆.
Assume without loss that we are in the first case and w1 +w2 +w3 +w5 ∈ 4 · ∂∆.
By Lemma 3.1, there must be some facet F ⊆ ∆ such that 〈uF , wi〉 = 1 for i =
1, 2, 3, and 5. It follows by linearity that 〈uF , w4〉 = 1, so wi for 1 ≤ i ≤ 5 are all
contained in F . Thus by Lemma 3.1, w1 + w3 + w4 + w5 and w2 + w3 + w4 + w5
are in 4 · ∂∆.
Case 2: Both w1 +w2 +w3 +w5 and w1 +w2 +w4 +w5 are in 3 ·∂∆. Then there
are faces F,G ⊆ ∆ such that uF evaluates to 1 on exactly three of w1, w2, w3, w5
and 0 on the remaining lattice point, and uG evaluates to 1 on exactly three of
w1, w2, w4, w5 and 0 on the remaining lattice point. We divide this into three
subcases, 2A, 2B, and 2C.
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Case 2A: Either 〈uF , w5〉 = 0 or 〈uG, w5〉 = 0. Then it follows by linearity
that either 〈uF , wi〉 = 1 for all 1 ≤ i ≤ 4 or 〈uG, wi〉 = 1 for all 1 ≤ i ≤ 4. In
either case we have that one of uF or uG evaluates to 3 on w1 +w3 +w4 +w5 and
w2 + w3 + w4 + w5, so C3 and C4 are good maximal cones.
Case 2B: uF evaluates to identically zero on E1 and uG evaluates to identically
zero on E2, where E1 and E2 are opposite edges of the square Conv(w1, w2, w3, w4).
Without loss, assume that E1 = Conv(w1, w3) and E2 = Conv(w2, w4). Then
〈uF , w2〉 = 〈uF , w4〉 = 〈uF , w5〉 = 1 and 〈uF , w3〉 = 0 implies that C4 is a good
maximal cone, while 〈uG, w1〉 = 〈uG, w3〉 = 〈uG, w5〉 = 1 and 〈uG, w4〉 = 0 implies
C4 is a good maximal cone.
Case 2C: uF evaluates to identically zero on E3 and uG evaluates to identically
zero on E4, where E3 and E4 are adjacent edges of the square Conv(w1, w2, w3, w4).
Without loss, assume that E3 = Conv(w1, w3) and E4 = Conv(w1, w4). Then
we have that 〈uF , w2〉 = 〈uF , w4〉 = 〈uF , w5〉 = 1 and 〈uG, w2〉 = 〈uF , w3〉 =
〈uF , w5〉 = 1.
First assume that w1, w2 and w5 are in a common facet of ∆. Then there is some
facet H ⊆ ∆ such that 〈uH , w1〉 = 〈uH , w2〉 = 〈uH , w5〉 = 1. By integrality and
the fact that 〈uH , p〉 must be at most 1 for any p ∈ ∆, it follows that 〈uH , w3〉 =
〈uH , w4〉 = 1 as well. But then we would be in Case 1.
Now assume w1, w2, w5 are not in a common facet. We claim this is impossible.
Notice that −uF and −uG are distinct lattice points of ∆∗. Also, −uF and −uG
both evaluate to −1 on w2 and w5, and evaluate to 0 on w1. We have that
Cone(w1, w2, w5) is a cone in the ∆-maximal fan Σ. By part 2 of Lemma 3.3, this
situation is impossible. 
Proposition 4.7. If J−∪J+ has five elements and either Σ or Σ′ has good maximal
cones, then both do.
w2
w1
w5
w4
w3
Figure 2. Cross sections of the fan Σ0 (top), Σ (lower left), and
Σ′ (lower right)
Proof. We may assume up to interchanging J+ and J− that J+ has three elements
and J− has two elements. Then W+ = {w1, w2, w3} and W− = {w4, w5}.
Cone(w1, w2, w3) must be a cone of either Σ or Σ
′; in the following proof we
can assume without loss that it is a cone of Σ. Then the maximal cones of Σ not
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contained in Σ′ must be exactly Cone(w1, w2, w3, w4) and Cone(w1, w2, w3, w5).
Likewise, the maximal cones of Σ′ not contained in Σ must be exactly
Cone(w1, w2, w4, w5), Cone(w1, w3, w4, w5), Cone(w2, w3, w4, w5).
See Figure 2 for cross sections of the relevant cones in Σ0, Σ, and Σ
′. (Note this
figure may be somewhat misleading, because the five vertices w1, . . . , w5 will not
always be contained in a common affine hyperplane.)
First suppose that w1, w2, w3 are contained in some common facet F ⊆ ∆. Let
uF be the facet normal to F . Applying uF to the linear dependence equation
b1w1 + b2w2 + b3w3 = b4w4 + b5w5, we get b1 + b2 + b3 = b4〈uF , w4〉 + b5〈uF , w5〉.
Since Cone(w4, w5) is a cone in Σ
′, we have by Lemma 3.2 that w4 and w5 are
contained in some common facet of ∆, say G. Applying uG to the same equation
gives b1〈uG, w1〉 + b2〈uG, w2〉 + b3〈uG, w3〉 = b4 + b5. Since 〈uF , wi〉, 〈uG, wi〉 ≤ 1
for all 1 ≤ i ≤ 5, and all the bi are positive, we get that b1 + b2 + b3 ≤ b4 + b5
and b1 + b2 + b3 ≥ b4 + b5, so b1 + b2 + b3 = b4 + b5. This also implies that
〈uF , w4〉 = 〈uF , w5〉 = 1, so w1, . . . , w5 are all in a common facet, and Σ and Σ′
must both have good maximal cones.
Now assume that w1, w2, w3 are not contained in a common facet. By part
1 of Lemma 3.3, there is a vertex m of ∆∗, with corresponding facet normal
uF = −m, such that (up to relabeling of w1, w2, w3) 〈uF , w1〉 = 〈uF , w2〉 = 1, and
〈uF , w3〉 = 0.
Since Cone(w1, w2, w3, w4) and Cone(w1, w2, w3, w5) are cones in the maximal
fan Σ, {w1, w2, w3, w4} and {w1, w2, w3, w5} must be lattice bases by Proposition
2.2. Up to a Z-linear isomorphism we may assume that wi = ei for 1 ≤ i ≤ 4,
where ei is the standard basis of N ∼= Z4. Then if {w1, w2, w3, w5} is a lattice
basis, we must have that w5 = aw1 + bw2 + cw3−w4 for some integers a, b, c. This
implies that w4 + w5 = aw1 + bw2 + cw3. By definition of a circuit, there can be
only one equation of linear dependence between w1, . . . , w5 up to rescaling. Since
b4w4 + b5w5 = b1w1 + b2w2 + b3w3 for positive bi, we must have that a, b, c are
positive integers. Applying uF on both sides, we get that 〈uF , w4〉 + 〈uF , w5〉 =
a + b. Since the LHS is at most two and the RHS is at least two, we get that
a = b = 〈uF , w4〉 = 〈uF , w5〉 = 1. This implies that 〈uF , w1+w2+w3+w4+w5〉 = 4,
and w1 + w2 + w3 + w4 + w5 ∈ 4 · ∂∆. Then for any distinct 1 ≤ i, j, k, ` ≤ 5, we
get that wi + wj + wk + w` ∈ 3 · ∂∆ or 4 · ∂∆ (since if wi + wj + wk + w` ∈ 2∆,
adding the remaining wm for 1 ≤ m ≤ 5 would give a lattice point in 3∆). Thus
Σ and Σ′ both have good maximal cones. 
Propositions 4.6 and 4.7 establish that any projective ∆-maximal fan has good
maximal cones. By the following lemma, this is enough to imply that ∆ has good
maximal cones.
Lemma 4.8. Let ∆ be a reflexive four-polytope and let C be a maximal cone of
∆. Then there exists a projective ∆-maximal fan Σ with C ∈ Σ.
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Proof. Let C = Cone(v1, v2, v3, v4) with v1, . . . , v4 lattice points in ∆. Let the
vertices of ∆ be w1, . . . , wr. Consider the polytope
P = Conv(av1, av2, av3, av4, w1, . . . , wr)
where a is some sufficiently large positive number. Then P will contain the origin
in its interior and have Conv(av1, av2, av3, av4) as a face. The fan of cones over
proper faces of P , Σ(P ), is projective and will have C ∈ Σ(P ).
Let ΣGKZ be the secondary fan associated to the elements ν1, . . . , νr of ∂∆∩N .
Then ΓΣ(P ),∅ is cone in the moving cone of ΣGKZ. Let Σ′ be such that ΓΣ′,∅ is
a maximal cone of ΣGKZ in the moving cone with ΓΣ(P ),∅ ⊆ ΓΣ′,∅. Then Σ′ is a
projective ∆-maximal fan which is a refinement of Σ(P ), in particular, C ∈ Σ′. 
We can now state the following main result:
Theorem 4.9. Any reflexive 4-polytope ∆ has good maximal cones. If Σ is any
(possibly non-projective) ∆-maximal fan, then generic members of the anticanon-
ical hypersurface family X (Σ) are smooth.
Remark 4.10. If we view the secondary fan as parametrizing different compactifi-
cations of birational hypersurface families, then our main result can be understood
as extending smooth CY compactifications to the entire moving cone, rather than
just the set of cones corresponding to MPCP resolutions (which in general will
form a smaller cone that is strictly contained in the moving cone).
As a related note, the secondary fan is an object of interest in mirror symmetry
because it is related to the Ka¨hler moduli space of a toric hypersurface family,
as explained in [5], Section 6.2. From this point of view, a wall crossing in the
secondary fan corresponds to a degeneration of the Ka¨hler metric resulting in a
birational contraction of a CY family to a singular family, followed by resolution
to a possibly different CY family.
5. Example of CY-threefold from ∆-maximal fan
In this section we will look at the main example from [7] in the context of this
paper. Fix the reflexive polytope ∆ in N ∼= Z4 as
∆ = Conv((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1),
(1, 1, 1, 1), (−1,−1,−1,−1), (0, 0, 0,−1)).
This is a smooth Fano 4-polytope with twelve facets, and we will compute all
the possible ∆-maximal fans for this polytope. Because of unimodularity, the fan
Σ(∆) of cones over faces of ∆ is a ∆-maximal fan, associated to the standard
family of smooth hypersurfaces X (∆).
A ∆-maximal fan different from Σ(∆) must contain a cone Cone(v1, . . . , v4)
such that v1, . . . , v4 are vertices of ∆ forming a basis of N , and Conv(v1, . . . , v4)
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is not a face of ∆. There are exactly four such cones:
C1 = Cone((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0,−1))
C2 = Cone((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (1, 1, 1, 1))
C3 = Cone((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (−1,−1,−1,−1))
C4 = Cone((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)).
The cones C3 and C4 respectively contain the vertices (0, 0, 0,−1) and (1, 1, 1, 1)
of ∆, so they cannot be cones in a ∆-maximal fan. However, C1 and C2 contain
no additional vertices of ∆.
From this information, it can be deduced that there is exactly one ∆-maximal
fan other than Σ(∆). Using the same notation as [7], we will call this fan Σbl (for
reasons that will be explained shortly) and the associated Calabi-Yau family Xbl.
Σbl can be obtained from Σ(∆) by removing the maximal cones
C5 = Cone((1, 0, 0, 0), (0, 1, 0, 0), (1, 1, 1, 1), (0, 0, 0,−1))
C6 = Cone((1, 0, 0, 0), (0, 0, 1, 0), (1, 1, 1, 1), (0, 0, 0,−1))
C7 = Cone((0, 1, 0, 0), (0, 0, 1, 0), (1, 1, 1, 1), (0, 0, 0,−1))
and replacing them with C1 and C2. Σbl can also be obtained from the fan of
cones over the polytope
Conv((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (−1,−1,−1,−1)),
which is the fan for P4, by blowing up at the zero-dimensional toric strata associ-
ated to the two maximal cones
Cone((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1))
Cone((1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (−1,−1,−1,−1)).
Because of this, the toric variety associated to Σbl is isomorphic to P4 blown up
at two points. Note that generic members of Xbl are guaranteed to be smooth by
Theorem 4.9.
If we intersect the cones C1, C2 ∈ Σbl or C5, C6, C7 ∈ Σ(∆) with a transverse
hyperplane, we can see the difference between Σbl and Σ(∆) in terms of three-
dimensional polytopes. In Figure 3 we see that the cross-section for Σbl consists of
two tetrahedra sharing a common facet, while the cross-section for Σ(∆) consists
of three tetrahedra sharing a common edge. This is the same type of wall crossing
that occurred in the proof of Proposition 4.6 (see Figure 2). Also compare [6],
Example 15.3.9.
Figure 3. Cross sections of the fan Σbl (on the left) and Σ(∆)
(on the right)
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Locally analyzing the hypersurface families X (∆) and Xbl on these cones shows
that they are related by a flop. The flop contracts a single P1 in each member of
X (∆) or Xbl to an ordinary double point, then resolves the ordinary double point
to a P1 in the other family.
6. Application: Nested reflexive polytopes
As an application, we will show how our main result, Theorem 4.9, can be used
to construct an extremal transition between families of smooth CY threefolds,
given any proper inclusion ∆1 ⊆ ∆2 of reflexive 4-polytopes.
If X1 and X2 are families of smooth projective CY varieties, then an extremal
transition between X1 and X2 is a degeneration of X1 to a singular family X0,
followed by a resolution of X0 to X2. Extremal transitions were originally defined
in the paper [11], which also describes how they may be constructed from pairs
of reflexive polytopes ∆1 ⊆ ∆2. The papers [1, 14] discuss the application of this
idea to connecting the moduli spaces of different CY families.
Let X1 and X2 be Batyrev hypersurface families associated to ∆1 and ∆2, re-
spectively. We have a reverse inclusion ∆∗2 ⊆ ∆∗1 of dual reflexive polytopes. The
monomials in the defining equation of the family Xi are in bijective correspon-
dence with lattice points in ∆∗i . We can obtain a degeneration of X1 by allowing
coefficients on monomials associated to the lattice points in ∆∗1\∆∗2 to approach
zero. This results in a singular family X0 which is birational to X2. If we can find
a resolution of singularities X2 → X0, then we will have constructed an extremal
transition.
In the standard Batyrev construction, the families X1 and X2 live in toric vari-
eties X(Σi), where Σi are MPCP resolutions of the fans Σ(∆i). This means that
to obtain a resolution X2 → X0 via a toric morphism X(Σ2) → X(Σ1), we need
MPCP resolutions Σi such that Σ2 is a subdivision of Σ1. However, for an arbi-
trary pair of reflexive 4-polytopes ∆1 ⊆ ∆2, the needed MPCP resolutions can
fail to exist. The paper [7] gives a counterexample using the reflexive polytope
from Section 5.
Thus, to find a toric resolution in all cases, we need to consider ∆-maximal fans
rather than just MPCP resolutions. The following result shows that projective
∆-maximal fans suffice to solve the problem for any pair ∆1 ⊆ ∆2.
Lemma 6.1. Let ∆1 ⊆ ∆2 be reflexive 4-polytopes in NR, and let Σ1 be any
projective ∆1-maximal fan. Then there exists a projective ∆2-maximal fan Σ2
such that Σ2 refines Σ1.
Proof. Let ΣGKZ be the secondary fan associated to ν1, . . . , νr, the elements of
∂∆2 ∩ NR. Then ΓΣ1,∅ ∈ ΣGKZ is contained in the moving cone of ΣGKZ. There
must be at least one maximal cone σ ∈ ΣGKZ such that ΓΣ1,∅ ⊆ σ and σ is also
contained in the moving cone of ΣGKZ. Then σ is associated to a ∆2-maximal fan
Σ2 which has the needed properties. 
As a result of the lemma, we have:
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Corollary 6.2. Let ∆1 ⊆ ∆2 be a proper inclusion of reflexive 4-polytopes, and
let Σ1 be any projective ∆1-maximal fan. Then there is at least one projective
∆2-maximal fan Σ2 such that an extremal transition between X (Σ1) and X (Σ2)
exists.
The results of [10] show that any pair of reflexive 4-polytopes can be connected
by a chain of inclusions. Together with the corollary, this implies that given any
pair of reflexive 4-polytopes ∆1 and ∆2, we can find projective ∆i-maximal fans
Σi such that the families X (Σ1) and X (Σ2) can be connected by a finite sequence
of extremal transitions between families of smooth projective CY threefolds.
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